Abstract. The paper reviews a series geomechanical approaches for interpreting instabilities in unsaturated geomaterials, a class of solids involved in numerous geo-engineering problems, such as hazard forecasting, infrastructure management, underground disposal of by-products and energy technologies. The review details the connection between second-order work input, loss of controllability and material failure. Hydro-mechanical problems are addressed, focusing on a specific class of environmental perturbations that can cause sharp changes in both mechanical and hydrologic variables. A procedure to define the second-order work input to an unsaturated soil volume is discussed first. It is pointed out that this energy measure motivates the incremental form of the constitutive laws for stability analyses. It is then discussed how to link the theory of hydro-mechanical controllability with constitutive approaches for unsaturated soils, which are typically based on the framework of strain-hardening plasticity with extended hardening. In doing so, the crucial role of the properties that govern the interactions between soil skeleton and fluid-retention processes is emphasized. The implications of these findings are commented with reference to a specific application: the forecasting of landslide triggering in natural slopes. It is shown that the use of suitable stability indices allows one to differentiate between frictional slips and volumetric collapses turning into flows. These results suggest that geomechanical theories calibrated for site-specific properties can support the quantitative assessment of landslide susceptibility, as well as a number of other engineering applications involving the instability of unsaturated porous media.
Introduction
Geomaterials are porous, discrete and inherently heterogeneous media that are continuously exposed to interactions with the surrounding environment [50] . These natural solids host multiple fluids, with which they establish physical and chemical interactions. Natural and human-induced fluctuations in environmental conditions have the ability to change the physical properties of these media, thus playing a primary role in a number of applications, such as the forecasting of natural hazards, the management of aging infrastructures, the optimization of energyproduction technologies and the underground storage of hazardous substances (e.g., nuclear waste or liquefied carbon dioxide) [2, 22, 58, 74, 111] .
This review focuses on a specific class of environmental processes: the hydro-mechanical interactions at failure between the solid skeleton and the fluids hosted within its pores. More specifically, the paper aims to envisage a range of methods to detect potential instabilities in unsaturated soils, as well as in the earthen systems made of them. The main goal is to show that the general problem of material stability in such class of natural media can be addressed though a set of concepts similar to those that have characterized stability analyses in other types of concepts of second-order work, controllability and bifurcation to this class of natural media. The methods that will be described in the following section will rely on the mathematical concepts of incremental bifurcation, uniqueness and existence of the mechanical response. Indeed, since the observation of failure in experiments is always subjected to interpretation, the assessment of failure conditions must be based on precise theoretical statements, that can be eventually used to specify mechanical criteria and back-analyse failures [109] . With this goal in mind, the paper summarizes some of the recent works proposed by the first author together with many other collaborators [16, 17, 22, 23, 81] , and discusses how these fundamental mechanical notions relate with the state of saturation, the static/kinematic conditions, the pressures of the pore fluids and the perturbation of the hydrologic variables. The general mechanical problem is presented first, with reference to material point analyses and laboratory tests. The implications of these results are finally discussed with reference to a specific engineering application: the triggering of landslides in unsaturated shallow slopes.
Stability theories for geomaterials: A brief review
From an engineering point of view, the assessment of failure involves the identification of limit domains in the stress space (i.e., failure envelopes). Thresholds for the admissible stresses are an essential element of inelastic constitutive theories (most notably of the mathematical theory of plasticity). This logic can be adapted to unsaturated soils, for which the characterization of failure involves the enhancement of the existing strength criteria through suction-dependent stress/strength measures [46, 47, 77] .
Such traditional views, however, do not capture several aspects of the mechanics of failure in soils and rocks. In geomaterials, in fact, inelastic processes are initiated much earlier than the loss of strength capacity, and have been observed to promote unstable responses even within stress domains that would be usually considered to be safe [63] . In the case of fluid-saturated soils, instability mechanisms can be promoted by the interaction between the solid skeleton and the pore fluid, thus originating the fluidization of natural deposits [11, 68, 102] . Geomaterial instabilities are also possible under constrained kinematic conditions, as in the case of the localized compaction observed under one-dimensional compression [7, 64] . The initiation of these modes of failure involves the dependence of the strength properties on current state of stress, kinematic conditions and pre-failure deformations, thus making the definition of failure criteria less obvious than for other solids of engineering interest.
A thorough review of failure criteria in geomaterials goes beyond the objectives of the present paper. Nevertheless, such richness of failure mechanisms motivates the need to formulate methods that can go beyond the simple notion of stress threshold, and that can consider the role of static-kinematic conditions and incremental perturbations [23, 63, 81] . Such tasks have been at the core of the scientific research on geomaterial stability, and have led to a variety of concepts useful to interpret the instability modes observed in experiments and natural settings.
Within this context, the term "stability" has often taken different connotations when used in the frame of the theory of plasticity. For instance, Drucker [42, 43] used the term to restrict the mathematical discussion to a specific class of "stable" plastic solids. By contrast, Hill [59] made reference to the notion of stability while addressing the uniqueness of the elastoplastic response of solids subjected to dead loads. In either cases, the use of the term "stability" was connected to a precise set of mathematical criteria, such as the loss of uniqueness and/or existence of the plastic response. Since these pioneering works, a variety of methods have been proposed to identify loss of uniqueness in mechanical analyses and discuss its relation with the physical notion of stability. In the domain of geomechanics, significant advances have been inspired by the further development of the concept of second-order work:
Equation (1) is based on the standard use of the effective stress tensor, σ ij = σ ij − u w δ ij , thus reflecting the validity of the effective stress principle with respect to the stability of a fluid-saturated medium. This energy measure has established a conventional criterion of stability [79] . Indeed, the positive definiteness of the quantity in (1) is widely used to define the stability of the medium and the uniqueness of the incremental solution [59] . Considerable studies based on the use of d 2 W have recently led to the concepts of controllability [63] and sustainability [85] , which have provided additional mathematical and physical meaning to the second-order work criterion. Indeed, while the concept of controllability provided a method for relating the occurrence of Hill's criterion with the control conditions imposed to a solid, the concept of sustainability explained the second-order work condition as the abrupt transition from static to dynamic deformation.
Although the connection of these ideas with the notion of stability in Lyapunov's sense [78] is still an open question [27] , the linkage between controllability, sustainability and bifurcation has favored the combined use of mathematical methods and physical concepts in the description of the failure modes of soil specimens [85] . An interesting example is the case of constant shear drained tests in fluid-saturated sands, often used to model the effects of rainfall events [4, 5, 25, 41, 83] . These experiments consist of two stages: drained shearing up to a given value of deviatoric stress and a subsequent constant-shear path (during which the effective confinement is reduced by pressurizing the pore fluid). Numerous studies have shown that, even though these tests are initially conducted under drained conditions, undrained failure can occur during the fluid pressurization stage because of an unstable mechanism (Fig. 1a) . Such instabilities are generally observed to occur when the measured second-order work takes negative values [41, 81, 83] , which under constant deviatoric stress imply a transition from volumetric expansion to compaction (Fig. 1b) .
This problem shares many analogies with the wetting stage of unsaturated soil samples subjected to a dead load (Fig. 1c) . These saturation paths are usually imposed by a controlled increase of the pore water pressure [29, 90, 103] . Also in this case, loose soils tend to undergo compaction upon suction-removal, with a phenomenology very similar to that in Fig. 1b . Nevertheless, catastrophic collapse and complete fluidization may or may not be observed depending on the state of saturation and the properties of the soil [29, 90] . In addition, at variance with saturated specimens, the moment of collapse does not coincide with the point at which compaction begins. In contrast, collapses take place only at a later stage of the saturation process, when the degree of saturation is sufficiently high for flow failure to take place (Fig. 1d) . How is it then possible to reconcile the combined role of stress state, deformation patterns and hydraulic processes with the usual geomechanical interpretation of failure events? The next sections provide a vision to address this fundamental question in the framework of unsaturated soil mechanics.
Second-order work input to unsaturated soils
As previously discussed, the current understanding of instability in saturated soils benefits from the computation of the incremental energy input to the material, as well as from the relation of this measure with the loss of controllability of the imposed loading parameters. The first crucial step to address the stability of an unsaturated soil is therefore the definition of the second-order energy input to an unsaturated soil volume. An enhanced definition of the second-order work can indeed reconcile the stability of the unsaturated medium with the possibility to control the mechanical and hydrologic variables that govern its incremental response. The redefinition of a second-order energy input involves the identification of the perturbations acting at the boundary of an arbitrary volume of unsaturated soil (Fig. 2) . The incremental work done by the agents altering the state of the material can be expressed as follows [17] :
in whichḞ i are the velocities of the fluid phases and v i is the velocity of the solid phase. Superscripts w, a and s stand for the water, air and solid phases, respectively. The integral in Equation (2) is performed over the entire unsaturated soil volume. As a result, the three phases are assumed to be smeared over the entire space (assumption of superposed continua). This is considered here by expressing the three termṡ f (−) j through a notation typically employed in volume averaging theories [56] : 
where a compressive positive convention has been used. The termṫ ij is the average stress acting over the solid grains,u w andu a are pore water and pore air pressure, respectively, andñ j is the outward normal to the surface A. This averaging procedure is based on the state of density (i.e., the current porosity n) and saturation (i.e., the current value of degree of saturation, S r ).
By assuming an isothermal process, Equation (2) can be simplified by ignoring the terms inside the volume integral. As a result, once Equations (3) are introduced in (2), the following relation is obtained:
By assuming that the three continua act in parallel and that the stresses acting on each phase can be weighted with the respective volume fraction, the following definition is obtained for the total stress:
Also in this case, Equation (5) is based on a volume averaging procedure. In addition, it is useful to introduce the seepage velocities, as follows:
By considering (5) and (6) and using the Gauss theorem to convert the surface integral into a volume integral, the second-order work density is further simplified as follows:
Finally, by considering that the three phases are in equilibrium and by using the mass balance equations for air and fluid flow (see Buscarnera and di Prisco [17] for more details on this procedure) it can be shown that the second-order work input per unit volume reads as follows:
Equation (8) provides a generalized expression of the second-order work written in terms of local stress-strain variables. This result is valid for an incremental loading/wetting process on an unsaturated porous medium, thus including the effect of both stress increments and pore-fluid fluctuations. The incremental stress measure conjugate to the strain rate in the second-order work equation is given by:
Similarly, the incremental variable associated with changes in saturation conditions is defined by:
The expression of d 2 W in Equation (8) indicates that the second-order work input in a partially saturated medium depends simultaneously on two components: a first one that is mechanical in nature (i.e., it is directly associated with the skeletal deformations) and a second one that depends exclusively on the evolution of the hydraulic state. Equation (8) can be rearranged to obtain a useful representation of the second-order work in terms of the variables commonly governed in laboratory tests. By adopting the strategy suggested by Houlsby [60] , it is possible to rearrange the terms appearing in (8), obtaining:
Therefore, two equivalent possibilities for the second-order work can be written as follows:
whereσ net ij =σ ij −u a δ ij andṡ =u a −u w . Given the strategy used to derive (12), the above expressions do not include specific assumptions on the constitutive response of the medium. In addition, they are by no means the only possible options, as the components of the second-order work equation can be rearranged according to specific modeling needs. Equations (12) can be therefore considered as the building blocks of incremental constitutive equations for stability analyses. The essential difference with respect to the classical expression of d 2 W in Equation (1) is the ability to consider how the external energy input is distributed across the components that constitute an unsaturated soil (thus considering the effect of pressures and volume fractions of the pore fluids). This key feature derives from the presence of two main contributions: one associated with the skeleton and the other with the pore fluids. It must be noted that Equations (11)- (12) have been obtained by using the conventional hypothesis that suction has isotropic effects on the skeleton stress. While recent findings suggest that this assumption may not hold under all conditions [99] , the vast majority of hydro-mechanical models for unsaturated soils do not include tensor effects generated by suction. As a result, Equations (11)- (12) allow a straightforward inspection of the stability conditions in light of the predictions obtained from the most widely adopted constitutive models for unsaturated soils available in the literature.
A theory of hydro-mechanical controllability

Controllability of laboratory tests on unsaturated soil samples
Similar to Hill's result [59] , the extended expression of d 2 W in Equation (12) quantifies the second-order energy input to an unsaturated soil volume. The latter is the outcome of hydro-mechanical alterations of the boundary conditions of the considered domain. Energy considerations can therefore be used to show that non-positive values of d 2 W relate with the instability of the medium, since this circumstance is associated with accelerations and the potential transition to a dynamic regime of deformation [84] .
Such processes, however, must be framed in a hydro-mechanical constitutive framework. In other words, it is necessary to specify what hydro-mechanical paths promote instability and how such events relate with the constitutive properties of a partially saturated soil [17] . Again, Equation (12) motivates a strategy to address the problem. The extended expression of d 2 W, in fact, includes both mechanical and hydraulic terms [16] . As a result, it suggests that the most general form of constitutive relations associated with hydro-mechanical fluctuations can be expressed as follows:
where A and E A are vectors collecting the hydro-mechanical stress-strain measures appearing in d 2 W, while D HM is the tangent constitutive operator linking their increments. Equation (13) details the scenario in which d 2 W is written as in (12-a). Other options, however, are possible. For instance, by considering (12-b), it is possible to state:
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in which a different set of constitutive variables is used for the two hydro-mechanical vectors B and E B , thus redefining the constitutive matrix linking their increments, HM .
The use of energy consistent incremental constitutive laws enables the reinterpretation of hydro-mechanical instabilities in the light of the Hill's criterion. For example, the use of the coupled constitutive matrix D HM allows one to relate the vanishing of the second-order work to some specific mathematical properties of the constitutive operator. Starting from (13), the second-order work can be expressed in a general form as follows:
where the superposed "T" stands for transposed. The onset of a generalized instability can be associated with the loss of positive definiteness of the matrix D HM in Equation (15), and then to the loss of positive definiteness of its symmetric part D S HM [17, 63] . The first point at which the positive definiteness of D S HM is lost coincides with the first moment at which the Hill's stability criterion can be violated, with hydro-mechanical unstable phenomena being possible for the very first time. It is then readily apparent that the non-symmetry of the constitutive matrix is directly associated with the occurrence of latent instabilities. In the case of unsaturated soils there are two possible sources of non-symmetry: the non-associativity of the plastic flow rule (affecting the non-symmetry of term D mm in Equation (13)) and the hydraulic degradation of the material (giving origin to term D mh , which is in general different from D hm ). The presence of hydraulic degradation terms, in particular, represents an additional and independent source of non-symmetry with respect to fully saturated conditions. Under particular circumstances, instabilities are therefore possible even in the case of associated flow rules. This produces an apparent paradox, since under particular conditions an unsaturated soil can be even more prone to develop instability than a saturated soil [17] . This paradox is explained by the presence of constitutive functions describing the hydraulic degradation effects, which are therefore a crucial component for the prediction of coupled hydro-mechanical instabilities.
The relation between incremental perturbations and potential for failure can be extended to a hydro-mechanical context by adapting the concept of controllability [63] to the case at stake. A simple example is the case of stress and suction control, for which the control variables are already included in the vector,˙ B = {σ netṡ } T , the resulting response variables being given by,Ė B . From the theory of controllability it can be shown that in this case whenever,
the stress-controlled system no longer has a unique solution. By means of the controllability approach, it is possible to also investigate more general situations involving mixed hydro-mechanical control conditions. Consider for instance, the following set of control variables:φ
in which the vectorφ defines the loading programme through which the incremental loading path is imposed. Equation (17) encapsulates the control variables that are imposed during either water-undrained loading or waterinjection under constant dead loads [18] . By using Equation (17), the hydro-mechanical incremental relations (14) can be rearranged as follows:
in which it has been assumed det hh / = 0 and X represents a coupled hydro-mechanical control matrix, while the vectorψ collects the response variables (i.e. the set of variables conjugate toφ in the second-order work equation). An instability in the sense of the controllability theory is predicted when either no solution or infinite solutions are possible for a vanishingφ, i.e. when:
By virtue of the Schur's theorem [100] , it can be demonstrated that this condition coincides with:
This procedure shows how it is possible to determine the condition for loss of controllability corresponding to the vanishing of the second-order work. Such a condition has been retrieved for the loading programme given by Equation (17) , which can be interpreted as a generalized undrained failure condition for an unsaturated soil under triaxial compression. Such a strategy can be applied to any form of hydro-mechanical incremental loading, to obtain mathematical conditions similar to Equation (20) that can be used to capture the onset of latent instabilities during saturation and locate the associated instability domains in the stress space [18] .
Constitutive modeling of unsaturated soil response
The analysis of the stable/unstable response of unsaturated soils subjected to hydro-mechanical paths requires the link between the mathematical framework expounded in the previous sections and a predictive constitutive model. Any constitutive law for unsaturated soils can in principle be used for this purpose, and indeed, several options have been proposed in the literature (see for instance the extensive reviews by Gens et al. [51] , Gens [50] and Sheng [101] for a thorough account on constitutive modeling for unsaturated soils). Here, in order to provide a series of examples valid for elastoplastic constitutive laws, the hydro-mechanical model developed by Buscarnera and Nova [15] will be used. This constitutive law enables the use of a non-associated flow rule and is formulated by means of a modelling strategy tailored to reproduce the first-order features of unstable mechanisms in saturated and unsaturated soils. These characteristics are guaranteed through constitutive functions that are defined in terms of the so-called average skeleton stress:
Equation (21) automatically reproduces the increase in stiffness and shearing resistance due to unsaturated conditions, as well as the onset of shear failure resulting from saturation processes. In addition, the stress measure (21) automatically reverts to the usual definition of effective stress for saturated soils when S r = 1. The yield surface and the plastic potential of the selected model are characterized by the versatile expression proposed by Lagioia et al. [71] . Furthermore, a full three-invariant dependence is incorporated in this expression by describing critical state conditions through the Lode angle dependency suggested by Gudehus [54] and represented in Fig. 3 . In order to reproduce the inelastic effects originated by wetting paths (a relevant example being the phenomenon of wetting-induced compaction) the model incorporates a dependence of the yield locus on the hydraulic state variables. Different strategies have been proposed in the literature to incorporate such evolution of the yield surface (e.g., some models use suction-dependent elastic domains [1, 75, 88] , while others incorporate the degree of saturation in the hardening rule [66, 101, 112] ). Nevertheless, the analytical inspection of the mathematical structure of constitutive laws for unsaturated soils suggests that the mathematical implications of the coupling between yielding domain and hydraulic state variables are very similar in all classes of unsaturated soil models [14] . As a result, the methodology used in the following can be considered to be applicable regardless of the specific modeling choices done for the hydraulic variables appearing in the constitutive functions. For instance, in the model by Buscarnera and Nova [15] the evolution of the yield surface is reproduced by including a hydraulic effect in the hardening law driven by changes in the degree of saturation, as follows:
where p s is the internal variable defining the size of the yield surface, ε p v and ε p s are the volumetric and deviatoric plastic strains, respectively, while B p , ξ s and r sw are hardening parameters. The dependence of p s on the degree of saturation reproduces the expansion/contraction of the yield surface upon drying/wetting processes (Fig. 4) and implies the coupling between the retention properties (here reproduced through an uncoupled non-hysteretic van Genuchten model [108] ) and the mechanical response of the material. Simulations of one-dimensional compression tests allow the implications of these constitutive assumptions to be described. Figure 5a shows two stress paths predicted for saturated and unsaturated conditions, respectively. Numerical simulation of an increase in suction prior to one-dimensional loading allows the effect of the parameter r sw to be disclosed. The expansion of the initial elastic domain postpones the onset of yielding and reduces the amount of predicted plastic strains upon loading. If wetting paths are eventually simulated, the yield surface shrinks in size, thus promoting plastic strains as a plastic compensatory mechanism (Fig. 5b) . It is possible to show that by increasing the values of r sw and B p , the predicted amount of plastic compaction also increases, thus exacerbating the potential for hydro-mechanical instabilities [22] . The prediction of possible instability modes activated by such processes requires incremental constitutive formulations able to accommodate the notion of material stability in accordance with Equation (12) [17].
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Theoretical interpretation of model simulations
This section discusses a series of material point simulations characterized by constitutive instabilities. The purpose of the examples is to show how the theory of hydro-mechanical controllability can be used to inspect model predictions and detect unstable mechanisms. In particular, it will be shown how the theory can be used to identify instability modes that are not immediately apparent from the simulated paths, i.e. unstable processes that exist only in latent form, and whose activation is contingent on the presence of specific control conditions. These potential mechanisms will be referred to as latent instabilities.
The examples are based on the simulated triaxial test results discussed in previous works by Buscarnera and Nova [15, 16] . The interpretation of the simulated tests is done by tracking the determinant of the constitutive matrix associated with selected sets of control variables (i.e., associated with different options for the control vectorφ). At the same time, the value of second-order work computed in light of the model is monitored, with the purpose of providing an energy interpretation of the constitutive singularities. Each controllability scenario defines a specific expression of the constitutive control matrix and, hence, a specific index of controllability, det (X). A loss of controllability can be caused by either mechanical or hydraulic perturbations. The first case considered here involves the application of deviatoric stresses under water-content control. This case is represented by the control vector in Equation (17) , and is particularly interesting in the case of water-undrained shearing. In the latter circumstance, in fact, the application of external stresses is accompanied by changes in suction and degree of saturation. As a result, these paths involve coupled effects, which modify the predicted mechanical properties of the unsaturated medium at any step of the simulation. In other words, the same amount of deviatoric loading may induce radically different effects depending on the initial degree of saturation prior to shearing, the plastic compressibility and the initial values of suction and confinement stresses. Figure 6 provides an example of such predictions [16] . Four triaxial tests at constant water content are simulated, starting from the same level of net confinement but different saturation conditions (and, hence, different initial suctions). With the only exception of test #4, all the simulated paths exhibit a peak in deviatoric stress prior to the frictional failure locus. In the case of the saturated specimen (test #1) the peak coincides with the onset of static liquefaction. Simulations #2 and #3 share many similarities with these unstable patterns. However, while in test #2 the peak is predicted to occur as an outcome of shearing-induced saturation (i.e., the volumetric strains due to the prior loading phase saturate the simulated specimen, thereby promoting a response very similar to that in simulation #1), in test #3 the peak is met prior to full saturation. In other words, the predicted instability in simulation #3 is an outcome of the simultaneous effect of shearing, reduction in suction and saturation-induced weakening of the medium. Such predicted response is remarkably affected by the initial degree of saturation. Indeed, a further decrease of the initial value of S r postpones the onset of inelastic compaction, allowing failure to occur on the usual frictional strength envelope (test #4).
When failure takes place within the unsaturated regime, the interpretation of the instability processes can be assisted by the second-order work measure given in (12b). Indeed, under axisymmetric stress conditions Equation (12b) can be written as: whereṗ net is the increment in isotropic net stress (ṗ net =ṗ −u a ),q the increment in deviatoric stress,ṡ the suction rate, e the void ratio and e w = eS r the so-called water ratio (i.e., a measure of the volume of water in the medium). During a water-undrained triaxial compression test only the axial stress is increased, while the radial stress is kept constant. As a result, the loading programme imposesṗ net =q/3. At instability, however,q = 0 and, therefore, alsoṗ net = 0. This implies no mechanical contributions to the second-order work. From a hydraulic viewpoint, the test imposes a water undrained constraint, according to whichė w = 0. Therefore, also the last term in Equation (23) is equal to zero at instability, implying the vanishing of the newly defined hydro-mechanical second-order work. It is worth noting, however, that by comparing the trend of d 2 W in test #3 and #4 (Fig. 7) , this quantity vanishes in two different manners. While a transition from positive to negative values of second-order work is predicted in test Fig. 7 . Evolution of deviatoric stress (a-b), degree of saturation (c-d) and second-order work (e-f) as a function of the deviatoric strain for Test #3 and Test #4 in Fig. 6 . Point P indicates the onset of instability, as predicted by the second-order work [16] . Fig. 8 . Stability of constant shear stress paths (a) using the criterion for suction control instability (c); stress path as conditions change to water content control at points P and R (b), which agrees with predictions from the stability index for water content control (d). Points O 1 and O 2 mark predicted failure, and points T and Q indicate when saturation is reached. Modified from Buscarnera and Nova [16] . #3, test #4 exhibits a smooth evolution of d 2 W, which asymptotically attains a vanishing value in correspondence with the critical state locus.
Test #3
Shearing paths, however, do not reflect the mechanical effects of naturally occurring saturation events, such as rainfall infiltration. In such circumstances, in fact, the hydrologic variables may evolve with negligible alterations of the external stresses. It is therefore interesting to explore how such paths may affect the state of stability and whether or not the currently applied state of stress is sustainable under the imposed conditions. Such analysis is conveniently simulated by imposing suction removal under constant net stresses (Fig. 8a) . In this case, the control variables are those collected in vector˙ B (14) , thus implying that only the singularity of the entire constitutive matrix (16) results in a loss of controllability. Such analysis is shown in Fig. 8c , showing that only the test performed at a sufficiently large value of initial deviatoric stress can undergo failure under the imposed conditions. In other words, the process of suction removal deteriorates the shearing resources of the material and causes a classical shear failure.
While this case is the most common, it does not reflect the entire range of possible failure modes. It is therefore necessary to consider other potential mechanisms, such as those associated with water-content control. Indeed, by tracking the index (20) , potential instabilities are found even for tests wetted at lower deviatoric stresses (Fig. 8d) . To demonstrate the consequences of these results, suction control is interrupted in two points of tests #1 and #2 (in both cases, during the constant deviatoric stress segment). At this point, suction control is replaced with water content-control shearing. This variation in constraints causes the latent instability identified in Fig. 8d to be activated, Fig. 9 . Stress path (a), water ratio response and collapse behavior (b) from a constant deviatoric stress simulation, with onset of instability (point P) computed using the second-order work (c) [16] . and the resulting simulation for test #2 experiences a sudden decrease in strength (Fig. 8b) . Alternatively, since test #1 had not lost resistance against water content-controlled loading, it initially remains stable, despite the change in loading conditions. The unstable nature of simulated path #2 is further elucidated by inspecting the value of second order work, which becomes negative during the path. The points of d 2 W = 0 and det(X) = 0 coincide, and the onset of unstable response is predicted to occur at the peak of the water ratio, while the void ratio decreases throughout the simulation (Fig. 9) . These results show remarkable similarity with undrained collapses in saturated soil specimens. At variance with saturated conditions, however, the theory indicates that the unstable states do not coincide with the onset of compaction, but with a non-trivial condition associated with the peak of the evolving water content. This result provides an interpretation of the differences between volumetric collapse in saturated and unsaturated soils. In other words, the observed transition from stable to unstable conditions in partially saturated media can be explained by making reference to an overarching theory. It is indeed only within the frame of the considered theory that it is possible to identify the correct variables to be used for capturing and/or predicting the points of potential instability.
Implications for the triggering of shallow landslides
Stability criteria for shallow slopes
The typical strategies to address stability problems in unsaturated soil slopes involve the combination of transient infiltration analyses with frictional failure criteria specialized to unsaturated conditions [12, 44, 49, 107] . Recent studies have tried to extend this view to more general failure mechanisms by framing the onset of failure in unsaturated slopes within the context of second-order work criteria [26, 72] . While these works pointed out the importance of advanced stability principles in the prediction of hydrologic-induced failures, they did not consider explicitly the possible second-order energy effects of fluctuations in the state of the pore fluids. At variance with this strategy, here we discuss an approach for slope stability analyses that is based on the enhanced expression of second-order work discussed in the previous sections, thus incorporating the crucial effect of evolving pore-fluid pressures and volume fractions into the stability operators. As expounded by Buscarnera and di Prisco [18] , it is possible to elaborate the theory of hydro-mechanical controllability and apply it to slope stability analyses. In this manner, the concept of controllability can assist the interpretation of the causes that promote the conversion of slope failures into flows. Such transitions are usually attributed to liquefaction processes [68] , which are schematically illustrated in Fig. 10a , c for a saturated infinite slope. Depending on the shearing scenario (either undrained or drained), different failure modes can take place. In liquefiable deposits, in particular, the shear perturbations leading to liquefaction ( τ liq ) are significantly smaller than those associated with drained failures ( τ sf ), thus implying that soil liquefaction might represent the most critical failure scenario.
In unsaturated contexts, rainfall implies fluctuations of the in situ water pressure regime. Thus, the distance from failure conditions can be defined in terms of changes in suction, s, i.e. the external forcing actively altering the Fig. 10 . Schematics of shear perturbation acting on a submerged infinite slope (a) and rain infiltration on an unsatured infinite slope (b); potential failure modes from shear perturbation: shear failure, τ sf and static liquefaction, τ liq (c); potential failure modes from rain infiltration: shear failure upon suction removal, s sf and wetting collapse, s wc (d) [22] .
state of the slope. The key issue is whether shear failure ( s sf ) can be anticipated by other forms of collapse initiated by wetting (e.g., s wc in Fig. 10b, d ). This consideration allows one to reinterpret the engineering problem pictured in Fig. 10a , c (saturated conditions) for the case of unsaturated slopes (Fig. 10b, d ) by including suction and degree of saturation as additional variables in slope stability analyses [18, 22] . In other words, the key challenge is to define the states at which unsaturated soil slopes achieve potentially unstable conditions that favor the onset of solid-to-fluid transitions.
It is convenient to illustrate this procedure by making reference to a submerged infinite slope (Fig. 11) . The kinematics that follows from this geometric assumption can be defined on the basis of the reference system in Fig. 11 . In particular, plane strain conditions yieldε χ =γ ηχ =γ χξ = 0, while symmetry along the slope implieṡ ε η = 0. As a result, the incremental mechanical response of any point within the slope can be expressed as:
ε ξ γ ξη (24) where Equation (24) reproduces a simple shear kinematics. The direct terms (D 11 and D 22 ) provide the stress increments due to a change in their work-conjugate strain variables, while the off-diagonal terms are necessary to reproduce shear-induced pore pressure (D 12 ) and changes in shear stresses with volumetric strains (D 21 ), respectively. Fig. 11 . Diagrams of saturated infinite slopes with failure boundary conditions for drained (a) and undrained (b) shearing [18] . Fig. 12 . Diagrams of unsaturated infinite slopes with failure boundary conditions for constant suction (a) and constant water content (b) conditions [18] . Fig. 13 . Typical undrained shearing results for contractive and dilative soils, with undrained instability predicted at the shear stress peak for the contractive soil (a); prediction of latent instability for water content control prior to shear failure, during a wetting process (b) [18] .
Any assumption on the control conditions in (24) will have an impact in the predicted slope stability scenario. In particular, it is possible to devise two extreme cases for control conditions: (i) drained shearing and (ii) undrained shearing. A sketch of these two cases is given in Fig. 11 . While the loss of controllability associated with drained shearing is directly reflected by the singularity of the constitutive matrix in (24) (which can be shown to occur when [18] ), in the case of an undrained simple shear path (24) would be rearranged as follows: (25) resulting in the following condition at the loss of controllability:
Equation (26) can be used to define the loss of stability of the selected controls (Fig. 13a) , where det(X L ) is the index for liquefaction potential. It can be readily shown that, while the stress paths of contractive soils exhibit a peak shear stress when the instability index det(X L ) vanishes, dilative soils tend not to fail through undrained shearing mechanisms, but they rather exhibit drained localized failures.
The use of incremental stress-strain measures in accordance with (12) enables one to derive failure criteria also for unsaturated conditions. For this purpose, let us consider an unsaturated infinite slope. Equation (24) can be adapted to include unsaturated conditions: 32 ] describe instead the effect of skeleton deformation on the retention capabilities. For the sake of simplicity, hereafter only the first coupling effect will be considered, assuming D 31 = D 32 = 0. Nevertheless, the extension of the analysis to more general cases is in principle straightforward [14, 22] . Also in the case of unsaturated conditions, it is possible to distinguish two simple perturbation scenarios: (i) suction-constant shearing and (ii) water-undrained shearing (Fig. 12) . These two scenarios can again be translated into suitable stability criteria. Under constant suction, the hydro-mechanical perturbation is purely stress controlled (i.e., the disturbance to the system is represented by the stress vector on the left hand side of (27)). As a consequence, suction constant failure takes place when:
where use of D 31 = D 32 = 0 has been done, and where X S represents the appropriate matrix for suction control conditions. Indeed, excluding instabilities in the retention behaviour, it can be shown that condition (28) coincides with the onset of shear strain localization in a saturated/dry material, as described by the singularity of the acoustic tensor [18, 40, 95] . In other words, if coupling effects on the retention behaviour are excluded, shear failure in unsaturated soils turns out to be governed by the same mathematical condition found for saturated and dry soils. At this reference, it is worth noting that the coupling between deformation and retention properties is a very common feature of unsaturated soils [48, 80, 94, 105] . As a result, coupled effects can play an important role also in the bifurcation conditions of plasticity models for unsaturated soils [14] . Nevertheless, it is important to remark that the strategy of analysis illustrated so far is not affected by specific constitutive choices for the retention response, thus allowing a straightforward adaptation of the stability indices in the case of fully coupled retention behaviour. Water-undrained shearing can be reproduced via (27) by incorporating different control conditions. Similar to undrained shearing in saturated soils, the changes in pore-fluid pressures are a product of the stress-strain response, since neitherσ * ξ nor nṡ are assigned. Considering that total stress increments derive from equilibrium equations, it follows that:
where the conditionσ * ξ =σ ξ +ṡS r has been used and the water-undrained constraint has been imposed as:
On the basis of constraint (30) , the changes in volume resulting from a shearing processes induce changes in the degree of saturation. It follows that, whenever deformational processes undergo instability, an abrupt variation in saturation conditions can be predicted. The instability condition under water-undrained perturbations is obtained by setting the determinant of the control matrix in (29) to zero, obtaining:
where:
in which X W represents the constitutive matrix for water content control conditions. Besides the diagonal terms (32), the failure criterion (31) shares many similarities with the usual localization condition. The differences with respect to a suction-constant scenario derive in fact from hydro-mechanical coupling, and are relevant only when terms D 13 and D 23 are non-negligible [18] . (28)) and can be originated when the critical state is not yet reached (Fig. 13b) . According to this scenario, the predicted effects of rain infiltration and/or shearing processes can be dramatic: coupled instabilities can in fact be activated when (i) the soil has a residual potential for volumetric collapse and (ii) the material is not yet saturated, causing in this way an abrupt saturation of the pores [16] .
Model prediction of the triggering stage and implications for landslide forecasting
The stability of unsaturated deposits during rainfall events can be studied by simulating the response of the slope to wetting paths. Although the quantification of suction perturbations over time would require data from transient infiltration analyses, it is possible to simplify the description of these effects by representing their perturbations as suction removal processes. In this way the changes in suction reflect the disturbances altering the current state of the slope during a rainfall event.
The material point simulations illustrated in the previous section can be used to condense the effect of material parameters and slope characteristics (e.g., deposit thickness, slope inclination, etc.). In other words, the perturbations able to induce an instability can be identified through the stability indices obtained from material point analyses. This implies the assumption that any point within the slope responds according to a simple shear deformation mode, thereby simulating the stress-strain paths during rain infiltration in terms of the control variables discussed in the previous section. Such simulations can be used to define instability scenarios for given sets of initial saturation conditions, slope inclinations and types of disturbance. Figure 14a illustrates the effect of varying slope inclination, α, and its significant impact on the prediction of shearing instabilities. The simulation with the lowest angle of inclination (α = 25 • ) experiences no instability over the prescribed loading, and the normalized stability index for suction control (i.e., (28) normalized by the absolute value of the index computed for the initial field conditions) remains positive as the material reaches complete saturation (Fig. 14b) . However, for a slightly higher inclination (α = 33 • ), the shear failure locus is approached, with instability occurring as full saturation is achieved. The steepest slope considered (α = 40 • ) requires even less suction removal to reach the failure locus, and consequently, instability is achieved while the material is still unsaturated. These results confirm the intuitive notion that slope inclinations have a significant impact on shear failure, making rainfall-induced instability possible even at relatively low saturation levels (S r ≈ 62 %, Fig. 14b ). Although suction-control is the most common hypothesis for simulating saturation paths, it was previously demonstrated that water content-controlled conditions can represent a more critical scenario, especially when solid-to-fluid transitions are of concern. Therefore, the concept of latent instability motivates the inspection of the normalized stability index for water content control (31) . This will allow us to evaluate whether during any of the paths illustrated in Fig. 14a , the slope is predicted to be susceptible to coupled hydro-mechanical failure modes. For this purpose, the stress path of a suction-controlled simple shear simulation at inclination α = 30 • is presented in Fig. 14c . As expected from the previous study on slope inclination, the simulation does not reach shear failure. However, the evaluation of (31) for different values of material compressibility (B p ) discloses an increase of the potential for latent instability. Indeed, the model constant B p reflects the potential of the material to exhibit inelastic compaction upon wetting. Increasing values of this property cause a rapid decrease of the stability index (31) , and hence latent instabilities can be identified before full saturation is reached (Fig. 14d) . These analyses suggest that a marked potential for volumetric collapse extends the range of slope angles susceptible to instabilities. This prediction has two critical implications: (i) even slope angles usually considered to be stable can be prone to generate landslides, and (ii) the potential triggering mechanism is not always based on a frictional failure mode, but it may involve the loss of control of the hydraulic parameters (e.g., suction and degree of saturation) in a similar manner to what is observed during liquefaction events in saturated soil slopes.
The modes of loss of controllability predicted in Fig. 14 are contingent to specific control conditions. In other words, in order to be activated they require a convenient change of control. Nevertheless, their predicted occurrence coincides with vanishing values of the second-order work, thus reflecting a potential for a spontaneous instability [85] . If a loss of stability of this kind produces a sharp saturation of the medium, it is necessary to inspect the response of the material after such instability has taken place. The consequences of an unstable saturation can be further investigated by imposing appropriate changes in control conditions. An example of this analysis is given in Fig. 15 , in which constant water content paths are imposed after the index det(X W ) reduces below zero. Two different slope inclinations are considered. In both instances, an immediate decrease in strength is predicted as the control conditions change. For the steeper slope this transition occurs after the stability condition for saturated undrained loading (det(X L )) has already vanished. Consequently, even after the simulation reaches saturation conditions, the unstable response continues through the activation of static liquefaction (Fig. 15a) . In the second simulation, which was run at a gentle slope angle of α = 15 • , full saturation is reached when the material has not yet lost resistance against saturated undrained shearing (Fig. 15b) . As a result, upon saturation the material reaches a metastable state, which can withstand additional shear loading, until the index of undrained stability of the saturated medium (det(X s )) also vanishes. Such predicted metastability has been disclosed by Buscarnera and di Prisco [22] and has an impact in the quantification of the consequences of saturation-induced collapses. In other words, the notion of metastability can allow one to distinguish when saturation-induced collapses are actually able to turn into a flow.
The outcome of material point analyses can eventually be collected in graphical charts of triggering perturbations, here referred to as stability charts. These charts evaluate the normalized suction perturbation able to cause instabilities ( s N = | s| /s 0 ) against the angle of slope inclination for different categories of material behavior. Any point of these charts is associated with the vanishing of at least one of the indices previously discussed. The vertical axis indicates the magnitude of the normalized perturbation necessary to cause an instability, in which condition s N = 1 is associated with the achievement of saturated conditions (i.e., | s| = s 0 ).
The different scenarios deriving from material point simulations are condensed in the schematic plots in Fig. 16 . A first potential scenario applies to soils that are relatively insensitive to hydrologic perturbation, i.e., that do not exhibit significant compaction upon saturation (Fig. 16a) . In this case, past a critical slope inclination (i.e., in zone 2), the indices for suction control and water content control provide the same measure of triggering perturbation. In other words, there is no distinction between the two modes of instability, and the slopes can fail only in a localized shear failure mode that does not involve sharp changes in the hydraulic variables. By contrast, a different scenario applies to soils that display remarkable compaction upon wetting, i.e. that are characterized by considerable hydromechanical coupling (Fig. 16b) . In this case, an additional chart can be found, which is associated with latent instability and anticipates the chart of suction-controlled shear failure. A critical range of slope inclinations is therefore predicted, in which solid-to-fluid transitions are possible prior to shear failure and can be triggered by the suction-removal path (zone 2a in Fig. 16b) .
Some crucial characteristics of the instabilities promoted by saturation paths can be inferred by studying the stress-strain response following the unstable transition from unsaturated to saturated regimes (Fig. 15) . This is possible by comparing the chart associated with the potential for liquefaction of the saturated material (i.e., the chart associated with det(X L ) = 0) and the condition of saturation-induced collapse (associated with det(X W ) = 0). In particular, if the condition for liquefaction of the saturated slope is always located below the latent instability chart of an unsaturated slope (Fig. 16c) , the volumetric collapse caused by saturation is predicted to be followed by catastrophic liquefaction. By contrast, if for some slope angles the threshold for liquefaction failure has not yet been crossed when the latent instability becomes possible (zone 2a in Fig. 16d) , the processes of suction-removal acting at those slope inclinations can induce metastable responses, i.e. a slope failure mechanism which is featured by a transient state of instability that does not evolve in a complete fluidization.
The examples presented above highlight the effect of different factors (i.e., slope inclination, compressibility, solid-fluid couplings, etc.) and the consequences of hydro-mechanical control conditions. According to the predicted scenarios, solid-to-fluid transitions can be triggered by rainfall events only in particular cases, i.e., when the soils are both liquefiable and prone to compact upon saturation. In such cases, flow failure is predicted to take place for an intermediate range of slope angles, which separates fully stable states from localized frictional slips. As a result, according to the theory the transition from solid to fluid response can be explained as a chain process, consisting of suction-removal, a sharp volumetric collapse causing saturation of the medium and, eventually, liquefaction instability in the saturated regime.
Conclusions
This paper has reviewed a class of methodologies to detect bifurcation and failure in unsaturated soils. Although this is a well-established area of research in dry and fully saturated geomaterials, the analytical frameworks for threephase porous media can be considered to be still in their infancy. Indeed, even if numerous and wide-ranging advances in experimental, constitutive and numerical modelling of unsaturated soils have already been achieved, the theoretical methodologies to detect instabilities, define their deformation patterns and capture the role of hydro-mechanical coupling and drainage conditions have attracted systematic attention only over the last decade.
The paper has focused on a set of methodologies recently developed by the first author and several other collaborators. These endeavors have been aimed at providing a systematic organization of the main concepts related with interpretation and prediction of failure mechanisms in unsaturated soils, with the main goal to provide a reference theory conceptually similar to those already available for saturated soils. Reviewing the recent developments, it is possible to identify a number of significant features that characterize unsaturated soil stability:
• The second-order work input is characterized by two terms: one of mechanical origin (which includes the increment of a skeleton stress measure work conjugate to the strains) and one of hydraulic origin (i.e., associated with changes in suction and degree of saturation). The combination of these two contributions defines the sign of the incremental energy input, implying that both terms have a similar impact on the stability of the medium. This result was derived in light of general premises, that did not involve assumptions on the constitutive behaviour of the unsaturated material nor on the effective stress measure that governs the stress-strain response of the soil.
• The generalized expression of second-order work motivates the incremental formulation of hydro-mechanical constitutive laws for material stability analyses. This procedure allows one to extend the notion of controllability to hydro-mechanical processes, thus including the effect of hydrologic perturbations. Model simulations based on the framework of strain-hardening plasticity have been used to discuss the importance of specific soil properties, such as those that govern the coupling between plastic yielding and water-retention behaviour. The examples show that the combined use of second-order work and controllability indices discloses unexpected potential instabilities caused by hydro-mechanical loading paths.
• When the theory is applied to the mechanics of failure in unsaturated shallow slopes, it is possible to elucidate the role of the controlling factors for landslide hazards, such as slope inclination, thickness of the deposit, state of saturation and hydro-mechanical perturbing agents. The theory supports the identification of multiple stability indices and enables one to differentiate frictional slips and flow failures. The mathematical inspection of model simulations provides a mechanistic interpretation for the solid-to-fluid transition caused by saturation processes, which can be described as a chain process, consisting of volumetric collapse, sudden saturation and catastrophic flow.
While the mechanical problems discussed in this review are still in large part the subject of ongoing research and cannot be considered to be conclusive, these ideas set a general vision to extend the bifurcation theory to the analysis of multiphase porous media, thereby using it as a predictive tool to evaluate the potential for failure processes in earthen systems. Towards this goal, further coordinated efforts on experimental, theoretical and numerical methods are necessary, and can pave the way to answer numerous open questions in unsaturated soil mechanics. Physically based constitutive models need to support this endeavor, making it possible to cope with instabilities across the entire regime of saturation and elucidating the factors that govern localized and diffuse modes of deformation in unsaturated soils. In a future perspective, such methodologies also have the potential to be applied to the solution of large scale geo-engineering problems. An example discussed in this review is the case of landslide hazards, for which synergies between advanced geomechanical methods, field investigations and remote sensing can support the identification of the areas prone to generate catastrophic slope failures, thus contributing to mitigate the associated hazards for human communities.
